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第二章 一致收敛

§2.3.1 Rademacher Complexity
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Recall:

Uniform convergence: Decouple the dependency via “sup” over function class. 

Today’s topic:

Rademacher Complexity: symmetric matters!

In the following of this chapter, we abuse the notation 𝑓 = 𝑙(𝑓) (loss function).

Denote ෡𝔼𝑓 = ෠𝐿 𝑓 as the training error and 𝔼𝑓 = 𝐿 𝑓 as the test error.
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𝐿 መ𝑓 − ෠𝐿 መ𝑓 ≤ sup
𝑓∈ℱ

𝐿 𝑓 − ෠𝐿 𝑓 .



Rademacher complexity
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We consider the set ℱ ∘ 𝑆 = 𝑓 𝑧1 , … , 𝑓 𝑧n : 𝑓 ∈ ℱ, 𝑧𝑖 = 𝑆 , then

𝑅 ℱ ∘ 𝑆 ≔
1

𝑛
𝔼𝜎 sup

𝑓∈ℱ
෍

𝑖=1

𝑛

𝜎𝑖 𝑓 𝑧𝑖 .

where 𝜎 is Rademacher Random Variable ℙ 𝜎𝑖 = 1 = ℙ 𝜎𝑖 = −1 = 1/2.

Intuitively, for any noise 𝜎, considering the best function 𝑓 in the function class ℱ, how 

much does it fit the noise? 

For a complex function class ℱ, it would have more ability to fit the noise → large 

Rademacher complexity.

More generally, we can define Rademacher complexity on a set 𝐴 = {𝑎}.

𝑅 𝐴 ≔
1

𝑛
𝔼𝜎 sup

𝑎∈𝐴
෍

𝑖=1

𝑛

𝜎𝑖 𝑎𝑖 .



Rademacher complexity and Uniform Convergence
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Uniform Convergence: 𝔼𝑓 − ෡𝔼𝑓 ≤ sup
𝑓∈ℱ

𝔼𝑓 − ෡𝔼𝑓

Rademacher complexity: 𝑅 ℱ ∘ 𝑆 ≔
1

𝑛
𝔼𝜎 sup

𝑓∈ℱ
σ𝑖=1
𝑛 𝜎𝑖 𝑓 𝑧𝑖 .

Theorem: with prob ≥ 1 − 𝛿 (prob over datasets S), 
1

2
𝔼𝑆𝑅 ℱ ∘ 𝑆 ≤ 𝔼𝑆 sup

𝑓∈ℱ
𝔼𝑓 − ෡𝔼𝑓 ≤ 2𝔼𝑆𝑅 ℱ ∘ 𝑆 .

Note that the lower bound requires 𝔼𝑓 = 0, or centered version 
1

2
𝔼𝑆𝑅 തℱ ∘ 𝑆 , തℱ = {𝑓 −

𝔼𝑓}. And the concentration results:

𝔼𝑆 sup
𝑓∈ℱ

𝔼𝑓 − ෡𝔼𝑓 −
log

2
𝛿

2𝑛
≤ sup

𝑓∈ℱ
𝔼𝑓 − ෡𝔼𝑓 ≤ 𝔼𝑆 sup

𝑓∈ℱ
𝔼𝑓 − ෡𝔼𝑓 +

log
2
𝛿

2𝑛
.

Therefore, if 𝔼𝑆𝑅 ℱ ∘ 𝑆 → 0, we have sup
𝑓∈ℱ

𝔼𝑓 − ෡𝔼𝑓 → 0 (sufficient condition!).



Take-away messages

(a) Rademacher Complexity 𝑅 ℱ ∘ 𝑆 ≔
1

𝑛
𝔼𝜎 sup

𝑓∈ℱ
σ𝑖=1
𝑛 𝜎𝑖 𝑓 𝑧𝑖

(b) Measuring how function class fit the noise.

(c) If 𝔼𝑆𝑅 ℱ ∘ 𝑆 → 0, we have sup
𝑓∈ℱ

𝔼𝑓 − ෡𝔼𝑓 → 0
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Thanks!
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All the slides will be available at www.tengjiaye.com/generalization soon.

http://www.tengjiaye.com/generalization

