Concentration without dependency
—function concentration
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Concentration of random variable

« Hoeffding Inequality, Bernstein Inequality
Concentration of random vector

 Norm concentration

Concentration of random matrix

« Eigenvalue concentration

They are all independent regimes!
Independent entries; Independent rows...



X~N(0,L,), f: R* > R, w.h.p
fX) = Ef (X)

1. If f = a’x is linear, easy since f(X) is gaussian distribution.

2. If f Is non-linear...Not always true, especially when f oscillate wildly
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Lipschitz Functions (w.r.t. some distance metric!)

Definition 5.1.1 (Lipschitz functions). Let (X, dx) and (Y, dy ) be metric spaces.
A function f: X — Y is called Lipschitz if there exists L € R such that

dy (f(u), f(v)) < L-dx(u,v) for every u,v € X.

The infimum of all L in this definition is called the Lipschitz norm ot f and is
denoted || f]|Lip-

ol Lipschitz iR ZURE YR BEEL 2 PEIR
(a) Every Lipschitz function is uniformly continuous. . -
(b) Every differentiable function f : R™ — R is Lipschitz, and %‘é&ﬁﬁ‘ GE %'ﬁ:)
—LipschitziE %k
£llsp < sup [V (@) pSEINLZ AL =X
rER™ - — Ik EE




Concentration on the sphere with Euclidean metric

Theorem 5.1.4 (Concentration of Lij
a random vector

schitz functions on the sphere). Consider
X ~ Unif(y/nS™ 1), .e._ X _is uniformly distributed on the Eu-

clidean sphere of radius \/n. Consider alfipschitz function*| f : /nS" 1 — R.
Then

IF(X) =EF (X)), < Clfllui:

Using the definition of the sub-gaussian norm, the conclusion of Theorem 5.1.4
can be stated as follows: for every ¢t > 0, we have

P{|f(X) —Ef(X)| >t} < 2exp - ij”i% ).



Theorem 5.1.4 (Concentration of 1
a random vector

pschitz functions on the sphere). Consider
X ~ Unif(y/nS™ 1), .e._ X _is uniformly distributed on the Eu-

clidean sphere of radius \/n. Consider alfipschitz function*| f : /nS" 1 — R.
Then

IF(X) =Ef(X)y, < Ol fllui:

Using the definition of the sub-gaussian norm, the conclusion of Theorem 5.1.4
can be stated as follows: for every ¢t > 0, we have

P{|f(X) —Ef(X)| >t} < 2exp - IIﬁ% ).

Hint:
1. JEBAXY{E AYconcentration, =)y TF1iF BAXS FR £ AYconcentration

2. FHESfX) < MPIXES, IRBIBEHY 72 (X)) = fF(X) +
[f(X") — f(X)] <M + t [Here we use the fact that || f|[;,, = 1 and

X' = X|| <t], BREFE—TEHNT (0-14)




Concentration on the Gaussian RV with Euclidean metric

Theorem 5.2.2 (Gaussian concentration). Consider a random vector|X ~ N (0, I,,)

and a Lipschitz function f : R™ — R (with respect to thel Fuclidean metric)| Then
IF(X) =EF(Xy, < Cllflluip. (5.7)

Concentration on the Bernoulli RV with Hamming metric

Theorem 5.2.5 (Concentration on the Hamming cube). Consider a random
vector X ~ Unif{0,1}". (Thus, the coordinates oij are independent Ber(1/2)

random variables.) Consider a function f:{0,1}" = R. Then

1F(X) —E £, < C'%“p. (5.8)



Take-away Messages

1. f(X) — Ef(X) with f Lipschitz and X~IP
2. Lipschitz: which metric?
3. X~IP, which distribution?
* sphere with Euclidean metric
« Gaussian RV with Euclidean metric
* Bernoulli RV with Hamming metric

Thanks!
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