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前情回顾：

Concentration of random variable

• Hoeffding Inequality, Bernstein Inequality

Concentration of random vector

• Norm concentration

Concentration of random matrix

• Eigenvalue concentration

They are all independent regimes!

Independent entries; Independent rows…



思考：

𝑋~𝑁(0, 𝐼𝑛), 𝑓:ℝ
𝑛 → ℝ, w.h.p

𝑓 𝑋 ≈ 𝔼𝑓(𝑋)

1. If 𝑓 = 𝑎𝑇𝑥 is linear, easy since 𝑓(𝑋) is gaussian distribution.

2. If 𝑓 is non-linear…Not always true, especially when 𝑓 oscillate wildly

当 f 的波动非常大，那么它可能离均值就会很远
例如，X本身sub-Gaussian, 而f(X) 非sub-Gaussian 

怎么办？对 f的波动做出限制！



Lipschitz Functions (w.r.t. some distance metric!)

导数有界（强条件）
→Lipschitz连续
→一致连续

核心：Lipschitz 函数跑的不能比线性快



Concentration on the sphere with Euclidean metric



Hint:

1. 证明对均值的concentration，等价于证明对中位数的concentration

2. 寻找到𝑓 𝑋 ≤ 𝑀的𝑋集合, 如果我们将其扩充到 f 𝑋′ = 𝑓 𝑋 +
𝑓 𝑋′ − 𝑓 𝑋 ≤ 𝑀 + 𝑡 [Here we use the fact that 𝑓 𝐿𝑖𝑝 = 1 and 

‖𝑋′ − 𝑋‖ ≤ 𝑡]，将会产生一个指数的界（0-1律）



Concentration on the Gaussian RV with Euclidean metric

Concentration on the Bernoulli RV with Hamming metric



Take-away Messages

1. f X → 𝔼f(X) with f Lipschitz and X~ℙ
2. Lipschitz: which metric?

3. X~ℙ, which distribution?

• sphere with Euclidean metric

• Gaussian RV with Euclidean metric

• Bernoulli RV with Hamming metric

Thanks!
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