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(16) Symmetrization and Contraction Principle

@ 滕佳烨



前情回顾：Concentration of Quadratic

X⊤AX → 𝔼X⊤AX = tr A
Technique: Decouple from X⊤AX to X⊤AX′

Today, we focus on another application of decoupling: 

Symmetrization



Symmetrization

优势: 比起一般的𝑋，可以考虑一个性质更好的𝜖𝑋（具有对称性）
Hint：引入𝑋的独立副本𝑋′，注意 𝜖 𝑋 − 𝑋′ =𝑑 𝑋 − 𝑋′
Similar conclusion follows with 𝔼𝑋 ≠ 0, or on 𝐹(‖∑𝑋‖) when F is 

increasing convex, or 𝑋𝑖 is subGaussian with ‖‖𝜓2



Symmetrization (Gaussian version)



Contraction Principle

Similar results hold on general independent random vectors 𝑋𝑖, and on random 

process (Talagrand’s contraction principle, will be discussed later.)



Take-away Messages

Thanks!

@ 滕佳烨

1. Symmetrization: transfer random variable (X) to its symmetric version (𝜖𝑋)

• Gaussian symmetric version

• Convex function version (F)

• Sub-Gaussian 𝑋 version

2. Contraction Lemma: bound 𝔼‖∑𝑎𝑖𝜖𝑖𝑋𝑖‖ with 𝔼‖∑𝜖𝑖𝑋𝑖‖ where 𝑎𝑖 is constant

Appendix: An application to matrix completion. Note the passing from the 

operator norm to the F-norm.
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