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Random Process (X¢)¢er
e.g, Gaussian Process  x, — (g ¢), teT
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>(t,s) := cov(X,, X,) = E X, X,,
d(t, s) = || X, — X,||re = (B(X, — X))""*, t,seT



Gaussian Process (X¢)eer (ELESHTREYIZE)
For every time subset Ty, (X¢)¢er, is Gaussian.

Canonical Gaussian Process
Xt . — <g,t>, tET

One can transform any Gaussian Process to a canonical Gaussian Process.
d(s,t) = |ls —tll

Lemma 7.1.12 (Gaussian random vectors). Let Y be a mean zero Gaussian
random vector in R™. Then there exist points tq,...,t, € R™ such that

Y = ({g,t;)). where g ~ N(0, 1,,).

1=1"

Here “=7 means that the distributions of the two random vectors are the same.



The Interesting metric in random process

[E sup X;
teT

Lem: reflection principle.
For standard Brownian motion (special GP),

2t
Esup X; =/ — for every to > 0.

t<tgq T

For general GP...



Theorem 7.2.1 (Slepian’s inequality). Let (X;)ier and (Y;)ier be two mean zero
Gaussian processes. Assume that for all t,s € T', we have

EX;=EY? and E(X,-X,)?<E(Y,-Y,)". (7.2)

Then for every T € R we have

IP’{SupXt > 7‘} < P{Squ; > T}, Esup X; < EsupY,;.

te’T teT teT teT

Intuition. BumL%zE’J/EszJ — M EERE.
LRI Z_MNEEEE, X I X AycorrelationE X,
X: bb Y BUEEIE N, *ﬁtykﬁ%d .

Hint: Gaussian interpolation



Technique: Gaussian interpolation (— Z & — %)

Z(u) = VuX +vV1—uY, wuelol].

1%,

L fzw) = 1 3 @5 -S)E [z )],

1,7=1

[Use the property of Gaussian variable] E f'(X)=EX f(X).
Choose a proper f

f(x) = h(z) - - h(z,). 1 \
f(:l]) ~ 1{maxi x; <T}*

T



Take-away Messages

1. Random Process (expectation, covariance, increment)

2. Gausslan Process
« Any Gaussian Process can be transferred to Canonical GP
+ d(st) =|ls—tll;

3. Consider E sup X; for GP: Slepian’s inequality
teT

« Comparison between X; and Y; using second order information
« Small fluctuation leads to small expectation.

@ RR{EM
Thanks!
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