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Analyze E sup X; for Gaussian Process
teT

1. Slepian’s Inequality: Small fluctuation leads to small expectation.

2. Sudakov-Fernique’s Inequality: remove variance requirement (only
expectation results)

3. Gordon’s inequality: two-dim extension

4. *Sudakov’s minoration inequality: lower bound, Geometric



Random Process and Operator Norm

| Al = max (Au,v) = max Xy,
ueSn—1 peSm—-1 (u,v)eT

Proof based on covering number

E|All < vm + Cy/n
Proof based on Gaussian process
ElAl < vm+v/n.

Intuition: Apply Sudakov-Fernique’s inequality

Sudakov-Fernique’s inequality leads to Sudakov’s minoration inequality.
Therefore the bound is tighter than covering number — based bound.
(Just an intuition, minoration bound is in fact lower bound)



Gaussian width
Definition 7.5.1. The Gaussian width of a subset T' C R™ is defined as
w(T) :=Esup(g,z) where g~ N(0,1,).

xeT
a special width which is invariant under affine and convex operator

Note: g (Ssymmetric) has an expectation.
Therefore, the asymmetric T suffers a small w(T).

L - diam(T) < w(T) < ? - diam (7).

Nor <

We can also replace g to other random vectors, e.g., spherical.



Gaussian width
Definition 7.5.1. The Gaussian width of a subset T' C R™ is defined as
w(T) :=Esup(g,z) where g~ N(0,1,).

x€ET
Some examples:

£y ball  w(s™) = w(By) =E|gll = V= C,

2
7

flball cy/logn < w(B7) < Cv/logn.
£pball w(B;”) < C\/]?nl/p,.

Finite set w(T) < Cy/log|T| - diam(T).

Asymmetric set suffers.



Stable dimension
w(T) :=Esup(g,x) where g~ N(0,1,).

xeTl

WMT)? :=Esup(g,t)°, where ¢~ N(0,1,).

teT

Definition 7.6.2 (Stable dimension). For a bounded set T' C R”, the stable
dimension ot T' is defined as

 MT =T w(T)
UT) = diam(7)? = diam(7)2’
d(T) <n, 3K L "FMHF, FRESFlog|T|

Definition 7.6.7 (Stable rank). The stable rank of an m x n matrix A is defined
as

JAJ12
A) = .
A=A




Gaussian complexity
w(T) :=Esup(g,x) where g~ N(0,1,).

xeTl

Definition 7.6.8. The Gaussian complerity of a subset T' C R" is defined as
Y(T') :=Esup|(g,x)| where g~ N(0,I,).

xel

R

Exercise 7.6.9 (Gaussian width vs. Gaussian complexity). sesse Consider a
set T' C R™ and a point y € T'. Show that

% w(T) + [lyll2] < A(T) < 2[w(T) + [|yll2]



Random Projection
Consider the random projection P, w.h.p., the projected set has diam:
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diam(PT) < C — diam(T'), if m > d(T)

Cw,(T'), if m <d(T).
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Figure 7.7 The diameter of a random m-dimensional projection of a set T
as a function of m.



Take-away Messages

1. Gaussian width and Gaussian complexity
2. Stable dimension and stable rank
3. Random projection (illustration of stable dimension)
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Thanks!



	Slide 1 
	Slide 2 
	Slide 3 
	Slide 4 
	Slide 5 
	Slide 6 
	Slide 7 
	Slide 8 
	Slide 9 

