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(20) Dudley’s inequality

@ 滕佳烨



前情回顾
Analyze 𝔼 𝑠𝑢𝑝

𝑡∈𝑇
𝑋𝑡 for Gaussian Process

1. Slepian’s inequality: Small fluctuation leads to small expectation.

2. Sudakov-Fernique’s inequality: remove variance requirement (only 

expectation results)

3. Gordon’s inequality: two-dim extension

4. *Sudakov’s minoration inequality: lower bound, Geometric

Today: we want to analyze a more general random process!



Random Process from Gaussian to sub-Gaussian

Sub-Gaussian increments



Dudley’s inequality

Note: there is a gap between Dudley’s inequality (upper bound) and Sudakov’s

inequality (lower bound).

Proof: Chaining.



Dudley’s inequality

Note: there is a gap between Dudley’s inequality (upper bound) and Sudakov’s

inequality (lower bound).

Proof: Chaining (multi-scale version of covering 𝜖-Net.).



A false covering number approach

Union bound for the first term

Covering number for the second term

However, ‘sup’ term block the way, since ‘point convergence is not uniform 

convergence’

(lead to a log |𝑇| bound)



Chaining method

Instead of considering only one covering set, we consider a chain.

During the chain, the point get closer (not strictly) to t step by step.

Intuition: uniform convergence requires the convergence rate of each point.

这里虽然还有sup，
但是集合都有限，
且远小于 𝑇



Dudley’s inequality (tail bound version)



Dudley’s inequality (Remark)



Dudley’s inequality (Not tight)

Note: Sodakov’s inequality (upper bound) is derived from Dudley’s inequality, 

which is not tight (sub-opt up to log 𝑛).



Take-away Messages

Thanks!

@ 滕佳烨

1. Dudley’s inequality. The upper bound of

2. Chaining method: extension to covering numbers. 

𝔼𝑠𝑢𝑝
𝑡∈𝑇

𝑋𝑡
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