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The upper bound of E sup X; -
.  teT Esup X; < CK/ \/log./\f(T, d,e)de.
1. Dudley’s inequality teT 0

2. Generic Chaining Bound with y, (tighter but harder to calculate)
Esup X; < CK~(T,d).

teT

The lower bound of E sup X;
teT

1. Sudakov’s minoration inequality ~ Esup X, > ce\/log (T, d,<).
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An application: VC dimension

Definition 8.3.1 (VC dimension). Consider a class F of Boolean functions on
some domain (2. We say that a subset A C €2 is shattered by F if any function
g: A — {0,1} can be obtained by restricting some function f € F onto A. The
VC dimension of F, denoted vc(F), is the largest cardinality® of a subset A C ()
shattered by F.
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Pajor’s Lemma

3.13 (Pajor’s Lemma). Let F be a class of Boolean functions on a
finite set ). [Then

F| < [{A CQ: A is shattered by F}|.

We include the empty set A = () in the counting on the right side.

|F’ 2 2vc(.7:).

Hint: induction.

Remark: although there are many Boolean functions (infinite), we first consider
it on finite set, which may produce a small cardinality (at most 2/€).

For linear classifiers, there are many hyperplanes in the space, however, when
considering two points, the hyperplanes can only produce like 0,1 or 1,0.



Sauer-Shelah Lemma

Theorem 8.3.16 (Sauer-Shelah Lemma). Let F be a class of Boolean functions
on an n-point set ). Then

where d = ve(F).

Hint: apply pajor’s Lemma with knowledge |A| < d.
Intuition: the complexity of |F| 1s bounded using VC dim.
Limitation: there can be only finite |F| (on the finite dataset).



Covering numbers via VC dim

Theorem 8.3.18 (Covering numbers via VC dimension). Let F be a class of
Boolean functions on a probability space (2,3, ). Then, for every e € (0,1), we
have
9\ Cd
N(-Fa L2(/UJ)7€) < (_)

£
where d = ve(F).

Intuition: the covering number of F is bounded using VC dim (c.f., dim).

Hint: reduce the domain Q to €, (n points subset) which requires that with a
constant prob, two e-separated functions on () (related to packing numbers, also
covering numbers of F) are still separated well on Q,, (related to |F,|)



VC dim and generalization

Theorem 8.3.23 (Empirical processes via VC dimension). Let F be a class
of Boolean functions on a probability space (2,3, 1) with finite VC dimension
ve(F) > 1. Let X, Xy, Xy, ..., X, be independent random points in ) distributed

according to the law . Then

Esup |~ Zf )\ < c\/‘”cm. (8.29)

feF n

Hint:
Rademacher Complexity ->(Dudley’s ineq) Covering number -> VVC dim



Take-away Messages

1. VCdim
« A way to model the complexity of function class
Covering number can be bounded by VC dim (1/€)¢

« Empirical process can be bounded by VC dim (,/d/n)

@ RR{EM
Thanks!
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