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Figure 3.1 The abundance of room in high dimensions: the larger cube has
volume exponentially larger than the smaller cube.
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Definition 3.2.1 (Isotropic random vectors). A random vector X in R" is called
isotropic if

NX)=EXXT =1,

where [,, denotes the identity matrix in R".
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Lemma 3.2.3 (Characterization of isotropy). A random wvector X in R" is
isotropic if and only if

E(X,2)" =|z|? for all x € R
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Remark 3.2.5 (Almost orthogonality of independent vectors). Let us normalize
the random vectors X and Y in Lemma 3.2.4, setting

X — Y
and Y = ——.
X112 Y[l

Lemma 3.2.4 is basically telling us that? || X ||z ~ /1, ||[Y||2 ~ /1 and (X,Y) ~
v/n with high probability, which implies that

X =

1

J/n

(X.7)
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Figure 3.4 Independent isotropic random vectors tend to be almost
orthogonal in high dimensions but not i low dimensions. On the plane, the
average angle is /4, while in high dimensions it is close to 7 /2.
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