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Definition 3.4.1 (Sub-gaussian random vectors). A random vector X in R"
is called sub-gaussian if the one-dimensional marginals (X, z) are sub-gaussian
random variables for all z € R". The sub-gaussian norm of X is defined as

1 Xy = sup ([ (X, 2) [l
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Lemma 3.4.2 (Sub-gaussian distributions with independent coordinates). Let
X = (Xq,....X,) € R" be a random vector with independent, mean zero, sub-
gaussian coordinates X,;. Then X 1s a sub-gaussian random vector, and

Xy, < Cmax | Xl
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o —U/NFIF——NMultivariate Gaussian distribution

X ~ NT(;H? E) |

1 Tw_1 ‘
) = —(z—p) X" (x—p)/2 n
fx(x) = 27)77 det (5172 e , reR
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Exercise 3.3.4 (Characterizat. ribution). sewee Let X be a
random vector in R"™. Show that ||X ||ug < C.  jate normal distribution if and

only if every one-dimensional marginal (X,#), ¢ € R", has a (univariate) normal
distribution.
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o —U/NFIF——NMultivariate Gaussian distribution

X ~ N

Figure 3.5 The densities of the isotropic distribution N(0,/5) and a
non-isotropic distribution N (0, ).
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o —/Mp|-F——Symmetric Bernoulli Distribution

e Discrete
e (Coordinates are independent
« Isotropic

X ~ Unif ({—1,1}")
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« —/Mi|-F——=Spherical Distribution

 (Continuous
e (Coordinates are not independent
« Isotropic

X ~ Unif (v S™)
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— BB /NIl F+——Gaussian and Spherical

@

N(0, I,) ~ Unif (v/nS™)

Figure 3.6 A Gaussian point cloud in two dimensions (left) and its
intuitive visualization in high dimensions (right). In high dimensions, the
standard normal distribution is very close to the uniform distribution on the
sphere of radius /n.
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o —E/NFl-F——coordinate distribution (Frames)

e Discrete
X ~Unif{/ne;: i=1,....n} e Coordinates are independent
e JIsotropic

B

Of all high-dimensional distributions, Gaussian 1s often the most convenient to
prove results for, so we may think of it as “the best” distribution. The coordinate
distribution, the most discrete of all distributions, 1s “the worst”.
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X, =

logn
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o —/MilF——TIsotropic Convex

 (Continuous
X ~ Unif(K) « Isotropic
7 ~ Unif(S~Y/2K) * Not always sub—Gaussian

Figure 3.8 A convex body K on the left is transformed into an isotropic
convex body T'K on the right. The pre-conditioner 7' is computed from the
covariance matrix ¥ of K as T = £ ~1/2.
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Gaussian, Spherical, Symmetric Bernoulli,
Coordinate, Isotropic Convex

[sotropic? Sub—Gaussian? Independent coordinate?
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