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Theorem 3.5.1 (Grothendieck’s inequality). Consider an m x n matriz (a;;) of
real numbers. Assume that, for any numbers x;,y;, € {—1,1}, we have

Z Lij il

1,]

<1.

Then, for any Hilbert space H and any vectors u;,v; € H satisfying ||u;|| =

|v;]| =1, we have
‘Z”lj (ui, vj)
where K < 1.783 is an absolute constant.
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Definition 3.5.4. A semidefinite program is an optimization problem of the
following type:

maximize (A, X): X >0, (B;,X)=0;fori=1,...,m. (3.18)

Here A and B; are given n X n matrices and b; are given real numbers. The

1

running “variable” X 1s an n X n positive-semidefinite matrix, indicated by the
notation X > 0. The imner product

(A, X) =tr(ATX) = Z Aii X, (3.19)

1.7=1

1s the canonical inner product on the space of n X n matrices.
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maximize E A, xy=xlfori=1,....n

i,7=1

o XFENP-hardn]fR! —> 25 HHiFfl (approximation) ez

T
maximize Z A (Xi, X)) o || Xillo=1fori=1,...,n.

1,7=1
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Theorem 3.5.6. Let INT(A) denote the maximum in the integer optimization
problem (3.20) and SDP(A) denote the maximum in the semidefinite problem
(3.21). Then

INT(A) < SDP(A) < 2K - INT(A)

where K < 1.783 is the constant in Grothendieck’s inequality.
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INT(A) < SDP(A) <2K - INT(A)
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